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Ab initio calculations of incommensurate antiferromagnetic spin fluctuations in hcp iron
under pressure
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We presentab initio calculations of the static paramagnetic spin susceptibility for hcp iron at finite tempera-
tures and for a range of pressures. The dominant magnetic fluctuations in hcp Fe are found to be incommen-
surate antiferromagnetic, characterized by the wave vectorqinc5(0.56,0.22,0). We show thatqinc is linked to
a Fermi-surface nesting feature. For the lowest pressure;16 GPa at which hcp Fe forms, we find that these
modes become unstable below a Ne´el temperature (TN) of 69 K. TN rapidly diminishes with increasing
pressure. We thereforepredict that hcp Fe will be found to have an incommensurate spin-density-wave-ordered
state over a small pressure range starting with the onset of hcp phase. We note the coincidence with the
superconductivity recently found in this material.
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At low temperatures, under sufficient pressure, iron sw
its body-centered-cubic~bcc! crystal structure in favor of a
hexagonal-close-packed~hcp! arrangement with the loss o
its ferromagnetic long range order. It also becom
superconducting1 in a narrow range of pressures between
and 30 GPa. This recent observation of superconducti
has added the phase of a common element to the growing
of magnetic or nearly magnetic materials exhibiting a sup
conductivity in which magnetic fluctuations seem to play k
role.2–4 Prior to this finding the main interest in the magne
properties of the high-pressure hexagonal phase of iron
motivated by their effect upon its structural and mechan
properties. As part of the study of the phase diagram of ir
this has a widespread relevance for subjects as disparat
for example, the properties of steel and the structure of
Earth’s inner core.5

The importance of magnetism upon the phase diagram
iron is well known.Ab initio density-functional theory~DFT!
calculations have demonstrated that the formation of m
netic moments stabilizes the bcc phase of iron at low te
peratures and normal pressures. Although stable only ab
the Curie temperature, fcc iron has been found to have
incommensurate spin-density wave~SDW! magnetic state a
low temperature, following measurements on fcc Fe prec
tates on copper6 andab initio calculations.7–9

The magnetic attributes of hexagonal iron have not b
so well identified. To date, DFT calculations of the total e
ergies of two possible antiferromagnetic~AFM! ordered
states are lower than the nonmagnetic one for pressures
60 GPa.10 The calculated elastic constants for such magn
states were also shown to provide a better interpretatio
experimental data than those from nonmagnetic states.
the other hand,in situ Mössbauer data from hcp iron11–14

show no evidence of long-range magnetism although they
allow for it to possess strongly enhanced paramagne
which diminishes with increasing pressure. In this paper
study the spin fluctuations~SF! in this material via calcula-
tions of the paramagnetic spin susceptibility as a function
both temperature and pressure.
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The paramagnetic susceptibility of a metal can poss
much structure in wave-vectorq space. Indeed a peak at on
temperature can evolve into a divergence at a lower one. T
signifies the system’s transition into a magnetically orde
state characterized by a static magnetization wave wit
wave vector corresponding to that of the peak. The peak
the paramagnetic susceptibility can be obtained by exam
ing a wide range of wave vectors. Hence, we can identify
dominant SF and probe for many different possible magn
cally ordered states. In hcp Fe we find the predomin
modes to be incommensurate with the hexagonal lattice
set by nesting features of the Fermi surface. These fluc
tions become unstable at low temperatures and at the lo
pressures where hcp Fe is just stable, indicating an inc
mensurate SDW magnetic state.

Recently, Stauntonet al.15,16 developed anab initio, all-
electron scheme for calculating the wave vector, frequen
and temperature-dependent dynamic spin susceptibility. T
linear response theory is based on DFT and uses a variat
approach.17 The application to Pd, Cr, and Cr alloys has pr
duced results in good agreement with experimental data.
have utilized this scheme within the static limit to produ
susceptibility results for hcp Fe, which are presented h
The details of the theoretical framework and computatio
scheme are provided elsewhere,15,16 so here we present
brief summary only. After a lattice Fourier transform ov
lattice vectors$Ri% the full wave-vectorq-dependent suscep
tibility x(xl ,xl 8

8 ,q) becomes

x~xl ,xl 8
8 ,q!5xo~xl ,xl 8

8 ,q!1(
l 9

Ns E xo~xl ,xl 9
9 ,q!

3I xc~xl 9
9 !x~xl 9

9 ,xl 8
8 ,q!dxl 9

9 , ~1!

where I xc(xl 9
9 ) is the functional derivative of the effectiv

exchange and correlation magnetic field within the loc
density approximation18 with respect to the induced magne
tization density. For a general crystal lattice withNs atoms
©2003 The American Physical Society05-1
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located at positionsal( l 51, . . . ,Ns) in each unit cell, thexl
are measured relative to the positions of atoms centere
al . One-electron Greens functions for the unperturbed, p
magnetic system are employed to calculate the noninter
ing susceptibilityxo and are obtained via multiple-scatterin
@Korringa-Kohn-Rostoker KKR# theory.19

Equation ~1! is solved using a direct method of matr
inversion.16 The full Fourier transform is then generated,

x~q,q!5~1/V!(
l

(
l 8

eiq.(al2a
l 8
8 )E dxlE dxl 8

8 eiq.(xl2x
l 8
8 )

3x~xl ,xl 8
8 ,q!, ~2!

whereV is the volume of the unit cell. The numerical met
ods used to evaluate Eqs.~1! and ~2! can be found in Refs
15,16, and 20.

Calculations of the susceptibility are described for fo
volumes in the range (128a0

3,V,143a0
3), wherea0 is the

Bohr radius. The largest volume we consider is 142.23a0
3,

which corresponds to a pressure21 of P;16 GPa and the
smallest volume is 128.98a0

3 with P;45 GPa.21 We use
atomic sphere approximation, effective one-electron pot
tials, and charge densities. Calculations of the density
states~DOS! and electronic band structure compare w
with full potential calculations.4 A summary of the volumes
and equivalent pressures together with the calculated de
of states is contained in Table I. For all the volumes the a
ratio of the lattice constants is taken to bec/a51.6, which is
very close to the experimentally observed value over
pressure range considered here.21,22 This value of c/a is
lower than the ideal close-packed one (c/a5A8/351.633).

Table I shows the DOS at the Fermi energy@which is
equal toxo(q'0)] to decrease as pressure increases.
averaged Stoner parametersĨ , for the four volumes are also
given. TheseĨ are calculated by relating the susceptibili
@from Eq. ~1!# x(q) to the noninteracting susceptibilit
xo(q), via the expression

x~q!5
xo~q!

12 Ĩ xo~q!
~3!

for q.0. Within the temperature range 50 K<T<300 K, Ĩ

is found to be roughly constant. From Table I, we also finĨ

TABLE I. Parameters for hcp Fe at four volumes withc/a
51.6:a is lattice parameter (ao), V is volume of unit cell (ao

3), P is
pressure~GPa! ~Ref. 21!, andN(EF) is DOS calculated at the Ferm

energy~states/Ry cell!, Ĩ is Stoner parameter~Ry/cell!.

a 4.5273 4.5773 4.6273 4.6773
V 128.98 133.30 137.72 142.23
P 45 26 21 16
N(EF) 31.46 32.59 35.35 35.97

Ĩ 0.0189 0.0189 0.0190 0.0188

1/(12 Ĩ N(EF)) 2.34 2.49 2.89 2.95

Ĩ N(EF) 0.60 0.62 0.67 0.68
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to be virtually pressure independent. The Stoner enhan
ment factor,x/xo51/@12 Ĩ N(EF)# and therefore 12xo /x
[ Ĩ N(EF) decrease with increasing pressure. The valuesĨ
compare very well with those of Mazinet al.2 who calcu-
lated Ĩ 50.0188 ~Ry/cell! at V5146.53ao

3 , using a fixed-
spin-moment method. Note that even at the largest volu
we find Ĩ N(EF)50.68,1, which indicates hcp Fe to be fa
from a ferromagnetic~FM! instability.

From calculations of the susceptibilityx~q! @from Eqs.~1!
and ~2!# at many wave vectors in the Brillouin zone, a tho
ough search is made for dominant spin fluctuations and
tential magnetically ordered states. The important ones
shown in Fig. 1. The temperature range for such calculati
is 50 K<T<300 K. According to the full potential DFT cal
culations of Steinle-Neumannet al.,10 two AFM configura-
tions ~termed AFM-I and AFM-II! are more stable than non
magnetic or FM configurations for pressures up to;60 GPa
at T50 K. AFM-I has magnetization alternating in orienta
tion in ab planes stacked along thec axis, while AFM-II has
magnetization with opposite orientation on each lay
aligned with thec axis and perpendicular to thex axis. If
AFM-I is the lowest energy magnetic configuration, then f
temperatures above the Ne`el temperature,TN , we should see
a peak in the susceptibility at the special point wave vec
qA5(0,0,a/2c), ~in units of 2p/a). Similarly if AFM-II is
the lowest-energy configuration, then we expect to see
peak in x(q) at the special pointqM5(1/A3,0,0). For all
four volumes, however, we find the maximal peak inx(q) to
be at an incommensuratewave vector lying in the basa
plane ofqinc5(0.56,0.22,0).

Figure 1 shows howx21(q) varies with unit-cell volume
for salient wave vectors atT5100 K. We see thatx(qinc)
.x(qK).x(qM).x(qA).x(qo.(0,0,0)) for all four vol-
umes. Apparently, hcp Fe is the furthest away from form
a ferromagnetically ordered state as shown by the relativ
high value ofx21(qo). This is followed by AFM-I (qA) and
then AFM-II (qM). In agreement with Steinle-Neuman
et al.,10 we find the AFM-II to be a more stable configuratio
than AFM-I. But we also find a third special-point antiferro
magnetic structure, AFM-III, characterized byqK

5(1/A3,1/3,0), to be more stable than either of these. T

FIG. 1. The inverse susceptibility of hcp Fe atT5100 K for
various wave vectors @qo.0, the nesting vector qinc

52p/a(0.56,0.22,0) and at the special pointsA,M , and K] for
four unit-cell volumes.
5-2
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structure would have the magnetization direction alterna
in layers stacked alongqK . Although qK signifies a more
stable AFM configuration than AFM-I and AFM-II, it is a
the incommensurate vector (qinc) where we see the maxima
peak inx(q), which leads to the conclusion that the dom
nant spin fluctuation modes are incommensurate with w
vectorqinc5(0.56,0.22,0). AtT5100 K, these enhanced in
commensurate AF-SF are shown in Fig. 1 to decrease
strength as volume decreases with increasing pressure.

We can trace this wave vectorqinc to a nesting of the
metal’s Fermi surface as shown in Figs. 2~a! and 2~b!. The
Fermi surface is calculated using the fully relativistic KK
method23,24 and is generated from three bands straddling
Fermi energy and is comprises of three sheets. Figure~a!
shows a cross section of the Fermi surface in the basal pl
which is dominated by two hexagonal-like shapes cente
on G. The dashed line connectingp and p8 indicates the
direction of vectorqinc . This incommensurate vectorqinc
5(0.56,0.22,0) nests two pieces of Fermi surface as sh
in Fig. 2~b!, which is a cross section where thex axis is along
the direction ofqinc and they axis is along thec axis. The
nesting vector is indicated by the arrow in Fig. 2~b!.

FIG. 2. Cross sections of the Fermi surface of hcp Fe aV
5137.72ao

3 , where ~a! is in the basal plane~extended zone! and
~b! is the cross section of the Brillouin zone, where thex axis is
along the direction ofqinc and they axis is in thec axis ~0,0,1!,
respectively.
18040
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Further investigations of the full spin susceptibility, E
~1!, reveal that an instability arises at the nesting vectorqinc

for hcp Fe for the larger volumes. We estimate a Ne´el tem-
peratureTN569 K for volumeV5142.23(a0

3) and pressure
P ;16 GPa~the smallest volume at which hcp Fe is stabl!.
This is shown in Fig. 3.TN rapidly drops below 50 K~the
lowest temperature we can consider accurately! as the vol-
ume is successively reduced. We therefore infer that hcp
has an incommensurate SDW magnetically ordered state
small pressure range starting at a pressure where the
phase is stable.12,14 As the pressure is increased, the Ne´el
temperature swiftly decreases to zero.

The recent discovery of superconductivity in hcp iron
Shimizuet al.1 with a critical temperature up toTc51.7 K,
has lead to conjecture as to whether the Cooper pairings
mediated by phonons or magnetic fluctuations~AFM or
FM!.2–4 As yet, there is insufficient experimental data
clarify the nature of the superconductivity~e.g., conventional
s-wave or unconventionalp wave, d wave!. Saxena and
Littlewood25 noted that conventional electron-phonon co
pling is a strong likelihood, but that this mechanism wou
be suppressed by strong magnetic spin fluctuations. Ma
et al.,2 estimated a sizeable electron-phonon coupling,
could not explain why the superconductivity disappears
rapidly with pressure. They found that the elastic propert
in hcp Fe do not change fast enough to explain the dis
pearance of the superconductivity at;30 GPa. Other theo-
retical works by Jarlborg3 and Boseet al.4 reinforce the dif-
ficulty of a phonon-mediated mechanism. Boseet al.4

calculateds-wave superconductivity to be persistent far b
yond pressures of 200 GPa. Our calculations indicate an
commensurate AFM ordered state below a temperature o
K and at a pressure;16 GPa, which is very close to th
start of the superconducting phase. The disappearance o
magnetic order with increasing pressure would appear to
incide with that of the superconductivity. This suggests t
the superconductivity is unconventional and that the inco
mensurate AFM-SF play an important role in the pairi
mechanism.

FIG. 3. The inverse of the enhanced susceptibility of hcp
for the unit-cell volume 142.23ao

3 and at the nesting vecto
qinc52p/a(0.56,0.22,0). The graph indicates a Ne´el temperature
of 69 K.
5-3
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In summary, we find the dominant spin fluctuations in h
Fe to be incommensurate AFM-SF, characterized by
wave vectorqinc5(0.56,0.22,0). For the unit-cell volum
142.23ao

3 , where pressure is;16 GPa, we find these mode
to become unstable and calculate a Ne´el temperature of
e

e

n.

.M

v.

18040
e
69 K. TN drops rapidly as the pressure is increased.
thereforepredict that an incommensurate SDW ordered st
will be found in this narrow pressure range starting with t
onset of the hcp phase.
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